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GENOTYPE PHENOTYPE

Genetics

Why	are	we	doing	genetics?

The	role	of	statistics

• Genetics	for	statistics	is	what	physics	is	for	

mathematics

• Genetics	is	a	leading	motivation	for	

development	of	new	basic	statistics

• Statistics	is	the	main	formal	instrument	

(although	not	the	only	one)
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Simple	and	Complex	Phenotypes

Complex	phenotype

Simple	phenotype



Complex	traits	are	heritable	but	not	in	Mendelian

fashion

Complex	traits	are	heritable	but	not	in	Mendelian

fashion
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The tail is likewise curved up underneath, and lies with 
its broad surface towards the body, turning either towards 
the right or the left, and thickening part of the hinder 
extremities. In f!itree examples the extremities are fully 
developed, and even show the characteristic discs on the 
tops of the toes. In the fourth example all four extremi-
ties present short stumps, a:nd as yet show no traces of 
toes, wberes.s, as is well known, in the Batrachia anura 
generally the hinder extremities and the ends of the feet 
first appear. Neither of branch ire nor of branchial slits 
is there any trace. On the other hand, in the last-men-
tioned example, the tail is remarkahly larger, and has its 
broad surface closely adherent to the inner wall of the 
vesicle, and very full of vessels, so that there can be no 
doubt of its function as a breathing organ. As develop-
ment progresses, the yelk-bag on the belly and the tail 
become gradually smaller, so that at last, when the li'ttle 
animal, being about 5 mill, long, bursts through the enve-
lope, the tail is only I ·8 mill. in length, and after a few 
hours only 0·3 mill. long, and in the course of the same 
day becomes entirely absorbed. Examples of the same 
hatch of ova, which were placed in spirit eight days after 
their birih, have a length of from 7'0 to TS mill., whence 
we may conclude that their growth is not quicker than in 
other species of Batracbians. · 
· The development of 1his frog, Dr. Peters observes (and 
probably of all the nearly allied species), wi1hout metamor-
phosi·, without branchi;:e, with contemporaneous evolution 
of the ant,crior and post,0 rior extremities, as in the case of 
the higher vertebrates, anct within a vesicle, like the amnion 
of these latter, if not strictly equivalent to it, is truly re-
markable. But this kind of development is not quite 
unparalleled in the Batrachians, for it has long been known 
that the young of Pij;a amerzcana come forth lrom the 
eggs laid in the cdls on their mother's back tailles, and 
perfectly developed. ln them, likewise, no one has yet 
detected branchi;:e, and we also know from the observa-
tions of Camper,1 that the embryos at an earlier period are 
provided with a tail-like appendage, which in this case 
also, may be perhaps regarded as an organ of breathing, 
po~sibly corresponding to the yelk-placenta of the hag-
fish. As. regards this point, aho, Laurenti says of the 
Pipa : "PulH ex loculamentis dorsi prodeuntes, metamor-
phosi nulla?" (Sin. Rept., p. 25.) · 
. Hwould l/e of_the highest interest, Dr, Peters adds, to 

follovv exactly this remarkable development on the spot. 
The development of the embryo of these Batrachians in a 
way very like_ tha! of the scaled Reptilia makes one suspect 
that an exammat1on of the temporary embryonic structures 
of Hylodes and Pipa would result in showing remarka½!e 
differences from those of other Batrachians. The aeneral 
conclusions which might be drawn from this disco:ery are 
so obvio11s, says Dr. Peters, in conclmion, that it would be 
superfluous to put them forward. 

A subsequent communication of Dr. Peters to the 
Academy informs us that it had escaped his notice that 
M. Bavay, of Guadaloupe, had already published some 
observations on the development of Hylodes martini-
censis.~ According to his observations, on each side of 
t~e heart t~ere is a branchia cons)sting cf one simple 
gill-arch, which on the seventh day 1s no longer discern-
ible. On the ninth day there is no longer a trace of a 
tail, and on the tenth day the little animal emerges from 
the egg. M. Bavay alrn observed the contemporaneous 
developme·nt of the four extremities, and hints at the 
function of the tail as an organ of breathing. 

The observations of Dr. Gundlach, therefore says Dr. 
Peters, differ in so'.'1e resp~cts from those of M. Bovay. 
It would be specially desirable, however, to ascertain 
whether fre arched vessel on each side of the heart is 
r7a)ly to be regarded as a gill-arch, or only as the in-
cipient ':)end of the aorta. 

:i.omm.:, So:-. Re_g. Go!ting, CI. phys. ix p. 135 (t788). 
un, ,.__c, Nat. :::.er. 5, X\'ll, 1 art. No, 16 (t873.) 

TYPICAL LAWS OF HEREJJJTY 1 

\VE are far too apt to regard common events as 
matters of course, and to accept many things as 

obvious truths which are not obvious truths at all, but 
present problems of much interest. The problem to 
which I am about to direct attention is one of these. 

Why is it when we compare two groups of persons 
selected at random from the same race, but belonging to 
different generations of it, we find them to be closely 
alike? Such statistical differences as there may be, are 
always to be ascribed to differences in the general con-
ditions of their lives ; with these I am not concerned at 
present, but so far as regards the processes of heredity 
alone, the resemblance of consecutive generations is a 
fact common to all forms of life. 

In each generation there will be tall and short indi-
viduals, heavy and light, strong and weak, dark and pale, 
yet the proportions of the innumerable grades in which 
these several characteristics occur tends to be constant. 
The records of geological history afford striking evidences 
of this. Fossil remains of plants and animals may be dug 
out of strata at such different levels that thousands of 
generations must have intervened between the periods in 
which they lived, yet in large samples of such fossils we 
seek in vain for peculiarities which will distinguish one 
generation taken as a whole from another, the different 
sizes, marks and variations of every kind, occurring with 
equal frequency in both. The processes of heredity are 
found to be so wonderfully balanced and their equi-
librium to be so stable, that they concur in maintaining 
a perfect statistical resemblance so long as the external 
conditions remain unaltered. 

If there be any who are inclined to say there is no 
wonder in the matter, because each individual tends to 
leave his like behind him, and therefore each generation 
must resen1ble the one preceding, I can assure them that 
they utterly misunderstand the case. Individuals do not 
equally tend to leave their like behind them, as will be 
seen best from an extreme illustration. 
. Let us then consider the family history of widely dif-
ferent groups ; say of roo men, the most gigantic of their 
race and time, and the same number of medium men. 
Giants marry much more rarely than medium men, and 
when they do marry they have but few children. It is a 
matter of history that the more remarkable giants have 
left no issue at all. Consequently the offspring of the roo 
giants would be much fewer in number than those of the 
medium men. Again these few would, on the average, 
be of lower stature than their fathers for two reasons. 
First, their breed is almost sure to be diluted by 
marriage. Secondly, the progeny of all exceptional 
individuals tends to" revert" towards mediocrity. Con-
,equently the children of the giant group would not 
only be very few but they would also be compa-
ratively short. Even of these the taller ones would be 
the least likely to live, It is by no means the tallest men 
who best survive hardships, their circulation is apt to 
be languid and their constitution consumptive. 

It is obvious from this that the roo giants will _not 
leave behind them their quota in the next generation. 
The 100 medium men, on the other hand, being more 
fertile, breeding more truly to their like, being bette~ fitted 
to survive hardships, &c., will leave more than their pro-
portionate share of progeny. This being so, it might be 
expected that there would be fewer giants and . more 
medium-sized men in the second generation than 11: the 
first. Yet, as a matter of fact, the giants and me?1um-
sized men will, in the second generation, be found m t~e 
same proportions as before. The question, then, 15 

this :-How is it that although each individual does not 
as a rule leave his like behind him, yet successive ge_nera-
tions resemble each other with great exactitude 1n all 
their general features ? 

r Le1:ture delivered at the Royal Institution, Friday evening, February 
9, by Francis Ga1ton, F R. S. 
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them and the little heap that it forms on the bottom 
line. ' This part of the apparatus is lI~e a harrow with .its 
spikes facing us ; be.low these are vertical ~ompartments; 
the whole is faced with a glass plate. I will pour pellets 
from any point above the spikes, they will fall against !he 
spikes, tumble about. among th~m, and aft~r pursumg 
devious paths, each will finally smk to rest m the com-
partment that lies beneath the place whence it emerges 
1rom its troubles. 

The courses of the pellets are extremely irregular, it is 
rarely that any two pursue the same path from beginning 
to end, yet notwithstanding this you wiU observe the 
regularity of the outline of the heap formed by the accu• 
mulation of pellets. 

F1G. 2. 

This outline is the geometrical representation of the 
ourve of deviation. If the rows of spikes had been few, 
the deviation would have been slight, almost all the 
pellets would have lodged in a single compartment and 
would then have resembled a column ; if they had been 
very numerous, they would have been scattered so widely 
that the part of the curve for a long distance to the right 
and left of the point whence they were dropped would 
~ave been of uniform width, like an horizontal bar. With 
mtermediate numbers of rows of teeth, the curved contour 
of the heap would assume different shapes all having a 
svong family resemblance. I have cut sorde of these out 
0 cardboard ; they are represented in the diagrams (Figs. 

2 a~d .3), Theoretically speaking, every possible curve of 
deviation may be formed by an apparatus of this sort 
by var)ing the length of the harrow and the number of 
pellets poured in. Or if I draw a curve on an elastic 
sheet of india-rubber, by stretching it laterally I produce 
the effects of increased dispersion ; by stretching it ver-
tically I prodl!lce that of increased numbers. The latter 
variation is shown by the successive curves in each of the 
diagrams, but it does not concern us to-night, as we are 
dealing with proportions, which are not affected by the 
size of the sample. To specify the variety of .curve so far 
as dispersion is concerned, we must measure the amount 
of lateral stretch of the india-rubber sheet. The curve 
has no definite ends, so we have to select and define two 
points in its base, between which the stretch may be 
measured. One of these points is always taken directly 
below the place where the pellets were poured in. This 
is the point of no deviation, and represents the mean 
position of all the pellets, or the average of a race. It is 
marked as o0

• The other point is conveniently taken at 
the foot of the vertical line that divides either half of the 
symmetrical figure into two equal areas. I take a half 
curve in cardboard that I have again divided along this 
line, the weight·of the two portions is equal. This distance 
is the value of 1° of deviation, appropriate to each curve. 

We extend the scale on either side of o0 to as many 
degrees as we like, and we reckon deviation as positive, 
or to be added to the average, on one side of the centre 
say to the right,. and negative on the other, as shown in 
the diagrams. Owing to the construction, one quarter or 
25 per cent. of the pellets will lie between o0 and 1°, and 
the law shows that 16 per cent. will lie between + 1° and 
+ 2°, 6 per cent. between + 2° and + 3", and so on. It 
is unnecessary to go more minutely into the figures, for 
it will be easily understood that a formula rs capable of 
giving results to any minuteness and to any fraction of a 
degree. . . 

Let us, for example, deal with the case of the Amen· 
can soldiers. I find, on referring to Gould's Book, that 
1° of deviation was m their case r676 inches. The 
curve I hold in my hand has been drawn to that 
scale. I also find that their average height was 67'24 
inches. I have here a standard marked with feet and 
inches. I apply the curve to the standard, and imn:e-
diately we have a geometrical representation of the statis-
tics of height of all those soldiers. The lengths of th.e 
ordinates show the proportion of men at and about th.e1r 
heights, and the area between any pairs of ordinate~ g:ve 
the proportionate number of men _between those hmits. 

Infinitesimal	model	
Infinitesimal	model:	multivariate	normal	

distribution	in	pedigrees

The	pedigree	defines	the	covariance	matrix



Quantitative	Trait	Loci	(QTLs)

Locus	1 Locus	3Locus	2 Locus	4

Locus	5 Locus	6 Locus	7

Inheritance	at	each	locus	

is	Mendelian.	Loci	are	

independent

Phenotype	is	additive	over	locus	

effects	->	normal	distribution

Dichotomous	complex	traits	such	as	

disease

Locus	1 Locus	3Locus	2 Locus	4

Locus	5 Locus	6 Locus	7

Liability	distribution

Liability	threshold

Population	variation	is	fully	

described	by	variance

V	=	VG+	VE

Genetic	contribution Everything	else



Variance	decomposition
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Additive	variance

Additive	variance	VA is	variance	explained	by	the	model

Y
j
= β

i
X
ij

i

∑ +ε

V
A
= 2 β

i

2
x
i
1− x

i( )
i

∑

Variance	components	due	to	

dominance	and	epistasis
Dominance	variance	VD is	variance	explained	by	the	

residuals	of	the	model	additive	over	loci

Epistatic variance	VI is	genetic	variance	that	is	not	captured	by	

the	model	additive	over	loci	(presumably	due	to	interactions)

Additive	by	additive	pairwise	epistasis

𝑌" =$𝛽&𝑋&" +$𝛽)*𝑋)"𝑋*" + 𝜀
�
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Other	variance	components

Epistasis	can	be	additive	by	dominant	

and	dominant	by	dominant

Epistasis	can	be	due	to	higher	order	

interactions

Mutational	variance	VM – additional	

variance	due	to	de	novomutations

Heritability

Broad	sense
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V
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Narrow	sense
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Cov(MP,O) =
1

2
V
A
+
1

4
V
I

h
2
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V
A

V
≈
Cov(MP,O)

V (MP)

Narrow	sense	heritability

Estimating	heritability Breeder’s	equation

Breeder’s	equation With	genotypic	information	in	

hand
Regress	phenotype	on	genotype Additive	variance

Narrow	sense	heritability
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In	the	Ideal	World
Regress	phenotype	on	genotype

Identify	significant	and	reproducible	associations.	

Estimate	effect	sizes.	Estimate	additive	variance.
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Reality:	missing	heritability
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Current	GWAS	explain	a	minor	fraction	of	

heritability

Height	– 10%,	Blood	lipids	– 12%

1. Common variants of weak effect

2. Rare variants of larger effect

3. Epistatic interactions

Likely	reasons	for	missing	heritability

Cov(MP,O) =
1

2
V
A
+
1

4
V
I

• How	many	loci	are	involved?

• Is	variation	underlying	the	trait	rare	or	
common?

• What	is	the	distribution	of	effect	sizes	of	
variants	involved	in	the	trait?

• What	is	the	role	of	epistasis	and	
dominance?

Questions	about	allelic	architecture	



GxG interactions

• In	human	genetics,	epistatic interactions	between	
common	variants	have	not	been	observed.

• In	a	model	with	two	(or	several)	loci,	contribution	
of	epistatic variance	is	relatively	small.

• Long	term	response	to	selection	in	model	
organisms	seems	to	contradict	the	importance	of	
epistasis.

Why	is	epistasic variance	commonly	

disregarded?

Any	evidence	for	or	against	epistasis?

• A	non-linear	model	involving	many	loci	would	
generate	a	large	epistatic variance.

• Interactions	would	be	statistically	undetectable.

• The	model	would	not	generate	significant	
deviations	from	the	observations.

• As	an	example,	we	may	consider	a	model	with	
multiple	pathways	involved.

Why	is	epistasic variance	might	be	of	

importance?



Multiple	pathway	model

A1 B1 C1

A2 B2 C2

Evidence	in	favor	of	the	highly	polygenic	model

Evidence	in	favor	of	the	highly	polygenic	model Evidence	in	favor	of	the	highly	polygenic	model

ANALYS I S

Common SNPs explain a large proportion of the heritability 
for human height

Jian Yang1, Beben Benyamin1, Brian P McEvoy1, Scott Gordon1, Anjali K Henders1, Dale R Nyholt1,  
Pamela A Madden2, Andrew C Heath2, Nicholas G Martin1, Grant W Montgomery1, Michael E Goddard3 &  
Peter M Visscher1

e
d
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AA Aa aa

Genotypes 0 1 2

Normalized	

genotypes

Normalized	

genotypes

0−E(X)

Var(X)

1−E(X)

Var(X)

2−E(X)

Var(X)

−2q

2pq

p− q

2pq

2p

2pq

If	SNP1	is	causal	and	SNP2	is	not,	

the	apparent	association	of	SNP2	is: β
^

2
= β

1
⋅ r
12

In	non-normalized	genotypes β
^

2 = β1 ⋅ r12 ⋅
Var(X

1
)
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2
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Xij – Normalized	genotype	of	individual	i at	SNP	j

In	the	matrix	form:

y = Xβ +ε

Two	important	matrices:

LD =
1

M
X
T
X

GRM =
1

N
XX

T

Principle	component	analysis	(PCA)

GRM =
1

N
XX

T

Principle	component	are	eigenvectors

First	principle	component	corresponds	to	the	largest	eigenvalue

Europe



• We	can	model	effects	of	individual	variants	as	

random	effects	distributed	as	N(0,s2).

• Random	effect	model	is	a	model	with	error	terms	
drawn	from	a	multivariate	normal	distribution.

• In	the	infinitesimal	model,	co-variance	matrix	can	
be	approximated	using	IBS	(not	IBD).	

Linear	Mixed	Models	(LMM)
Linear	Mixed	Model	(LMM)

For	each	SNP	we	can	fit	the	model

Y
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i
+u

i
+ε

ε ~ N 0, Iσ 2( ) u ~ MVN 0,GRM( )

Our	model

Y
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We	have	to	fit	markers	individually
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Remember	from	the	Galton	plot

Parent	and	offspring	share	50%	of	DNA	(IBD)

Cov(P,O) =
1

2
V
A

More	generally,	if	fraction	of	the	genome	IBD	is	r

Cov(A,B) =
1

r
V
A

If	we	assume	that	genetic	effects	are	random

Cov(ui,uk ) =
1

N
σ 2

XijXik

j

∑

Y
i
= µ

i
+u

i
+ε

u ~ MVN 0,σ 2
GRM( )

We	assume	that	all	SNPs	have	effects	on	the	trait	

drawn	from	a	normal	distribution	



Challenges	of	the	polygenic	model

1) Need	for	a	very	large	target	size

2) Natural	selection	is	expected	to	rapidly	eliminate	variants	and	reduce	allele	

frequency	of	remaining	variants

3) Variants	must	be	either	very	rare	or	of	very	small	effect	sizes

Rare variants

ControlDisease

This	is	a	direct	association!

ControlDisease

This	is	a	direct	association!

Neutral	variantsFunctional	variants



Goldstein et al, JCI, 52:1544, 1973
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84 mutations found

in 6,078 cases

Unique to cases

Unique to controls

Observed in cases and

controls

39 mutations found

in 6,241 controls
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Q102X
g.IVS3+1A>G
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g.IVS10+1G>A

g.IVS12+2C>T

C68IX I687fs

Q770X
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C143X

24 mutations found

in 4,703 cases
Unique to cases
Unique to controls

2 mutations found

in 5,090 controls
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